ON MAXIMAL CURVES IN CHARACTERISTIC TWO 
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Abstract. The genus g of an F,j2 -maximal curve satisfies g = g\ := q(q — l)/2 or 
g < g2 '■= l(q — l) 2 /4 [. Previously, F g 2-maximal curves with g = g\ or g = 52, q odd, 
have been characterized up to F g 2 -isomorphism. Here it is shown that an ¥ q 2 -maximal 
curve with genus 52, q even, is ¥ q 2 -isomorphic to the nonsingular model of the plane 
curve J2l=i y q ^ 2 ' — xQ+1 , 9 = 2*, provided that q/2 is a Weierstrass non-gap at some 
point of the curve. 



q 2, the 



1. A projective geometrically irreducible nonsingular algebraic curve defined over F, 
finite field with q 2 elements, is called F ' q 2 -maximal if the number of its F g 2-rational points 
attains the Hasse-Weil upper bound 

q 2 + 1 + 2qg , 

where g is the genus of the curve. Maximal curves became useful in Coding Theory after 
Goppa's paper ||Go|| , and have been intensively studied in ||Sti-X|| , [|Geer-Vll|| (see also the 
references therein), [|Geer- V12|l , |FTlJ, [FGT| , FT2| , CT , ||CHKT|1 , IPKTlj , [G-Sti-X | 
and [pCTll . 

The key property of a F g 2-maximal curve X is the existence of a base-point-free linear 
system V x :=\{q+ l)P Q \, P e X defined on X such that WUTj §1] 

(1.1) qP + ¥x x {P) EV X , 

(1.2) T>x is simple, 

(1.3) dim(P^) > 2, 

where Fr# denotes de Frobenius morphism on X relative to F g 2. Then via Stohr-Voloch's 
approach to the Hasse-Weil bound [ |SV|| one can establish arithmetical and geometrical 
properties of maximal curves. In addition, Property (1.2) allows the use of Castelnuovo's 
genus bound in projective spaces ||Cas|| , |[ACGH| , p. 116], |[Ra| , Corollary 2.8]. In particular, 
the following relation involving the genus g of X and n := dim(P^) — 1 holds |[FGT| , p. 
34] 



(1) 

It follows that 



2<?< 



(q — n/2) 2 /n if n is even 

((q ~ n/2) 2 — \/A)/n otherwise. 



9<9i :=q{q-l)/2 
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which is a result pointed out by Ihara JTIJ. As a matter of fact, the so called Hermitian 
curve, i.e. the plane curve TC defined by 

Y q Z + YZ q = X q+1 , 



is the unique F g 2-maximal curve whose genus is gi up to F g 2-isomorphism [ R-St.i l - More- 
over, 7i is the unique F g 2-maximal curve X such that dim(P^) = 2 [ FT2L Thm 2.4]. 
Therefore, if g < g%, then dim(P^) > 3 and hence ([[]) implies pti-X|| , [ |FT1 

£<<? 2 : = L(g-1) 2 /4J- 

If g is odd, there is a unique F^-maximal curve, up to F^-isomorphism, whose genus 
belongs to the interval }(q — l)(g — 2)/4, (q — l) 2 /4], namely the nonsingular model of the 
plane curve 

whose genus is g 2 ={q~ l) 2 / 4 W&T\ , Thm. 3.1], pT2| , Prop. 2.5]. 

The purpose of this paper is to extend this result to even characteristic provided that 
a condition on Weierstrass non-gaps is satisfied. For q even, say q = 2*, notice that 
92 = <?(<? — 2)/4 and that the nonsingular model of the plane curve 

t 

,///-' - ,•/+' 

i=i 

is an F ? 2-maximal curve of genus g 2 . 

Theorem. Let q be even, X a F 9 2 -maximal curve of genus g having both properties: 

1. (q -l){q- 2)/4 < g < g 2 = q(q - 2)/4, and 

2. There exists P G X such that q/2 is a Weierstrass non-gap at P. 

Then X is F ' q 2 -isomorphic to the nonsingular model of the plane curve defined by Eq. , 
In particular, g = g 2 . 



(2) »' =.<■' 



Let A? be a F g 2-maximal of genus g &)(q — l)(q — 2)/4,g(g — 2)/4], q even, and P G X. 
We have that P G A , (F g 2) if g/2 is a Weierstrass non-gap at P, see Corollary Now, on 
the one hand, from Corollary [1], X only admits two types of Weierstrass semigroups at 
F ? 2-rational points, namely either semigroups of type {q/2,q + 1) or semigroups of type 
(g — 1, q, q + 1). On the other hand, from Proposition [3|, X satisfies the second hypothesis 
of the theorem provided that X is F^-covered by 7i. Therefore, if there existed a F g 2- 
maximal curve of genus g G](g— l)(g— 2)/4, g(g— 2)/4] for which the Weierstrass semigroup 
at any F 9 2-rational point is (g — 1, g, g + 1), then such a curve could not be F 5 2-covered 
by the Hermitian curve. As far as we know, the existence of maximal curves not covered 
by the Hermitian is an open problem. We notice that the nonsingular model X of the 
plane curves y q + y = x m , m a divisor of q + 1, have been characterized as those curves 
such that mi(P)n = q + 1 for some P G ^(F^), where rrii(P) stands for the first positive 



MAXIMAL CURVES IN CHARACTERISTIC TWO 



3 



Weierstrass non-gap at P and n = dim(X) — 1; see |[FGT| , §2]. Moreover, the hypothesis 
on Weierstrass non-gaps cannot be relaxed, cf. [FT2, p. 37], fCHKT , Remark 4.1(h)]. 



We prove the theorem by using some properties of maximal curves stated in [[FGT| , [|FT2 



and ||(JKT1||, Castelnuovo's genus bound in projective spaces, and Frobenius orders which 



were introduced by Stohr and Voloch ||SV|| . For basic facts on Weierstrass point theory 
and Frobenius orders the reader is referred to 



2. Proof of the Theorem. Let X be a F^-maximal curve of genus g large enough. The 
starting point of the proof is the computation of some invariants for the following linear 

systems: 

V :=V X = \(q + l)P \ and IV := 2V X = \2(q + 1)P \ , 

where Po G X(W q 2). For P G X, let (rrii(P) : i G No) be the strictly increasing sequence 
that enumerates the Weierstrass semigroup H(P) at P. 

Lemma 1. Let X be a ¥ q 2 -maximal curve of genus g such that 

(q-l)(q-2)/4<g<(q-l) 2 /4. 

Then the following properties hold: 

1. We have dim(X>) = 3. 

2. If P G X{¥ q 2), then the (V, P)-orders are 0,1, q+l-m^P) andq+1. IfP^X(¥ q2 ), 
then the set of (T>, P)-orders contains the elements q — mi(P), i — 0, 1, 2. 

3. We have dim(2£>) = 8. 

Proof. (1) From Iq. (|T]) and the lower bound on g it follows that dim('D) < 3 (indeed, we 
obtain this result for (q — l)(q — 2)/6 < g. If we had dim(D) = 2, then from |[FT2| , Thm. 
2.4] it would follow g = q(q — l)/2, contradiction. Thus dim(D) = 3. 



(2) See WGTj Prop. 1.5(h) (hi)]. 

(3) An easy computation shows that 2m 3 (P ) > 8, since m 2 (Po) — 1 an d m 3 (P ) = q + 1 
| |FGT| , Prop. 1.5(iv)]. Hence dim(2D) > 8; the equality follows from Castelnuovo's genus 
bound and the lower bound on g. □ 

Corollary 1. Let X be as in the previous lemma and suppose that q is even, q > 4. 

1. For P G X(¥ q2 ), 

(i) the (V, P) orders are either 0, 1, 2, q + 1 or 0, 1, q/2 + 1, q + 1; 

(ii) either mi(P) = q — 1 or mi(P) = q/2. Equivalently, the first three positive 
Weierstrass non-gaps at P are either q — 1, q, q + 1 or q/2, q, q + 1. 

2. For P X(¥ q2 ), the (V, P)-orders are either 0, 1, 2, q or 0, 1, q/2, q. 

Proof. (1) Let P G ^(F^) and set j := q + 1 — mi(P). By Lemma |1](2), it is enough to 
prove (i). From that result and the definition of 2T>, the following set 

O:={0,l,2,j,j + l,2j,g + l,g + 2,g + l+j,2g + 2} 
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is contained in the set of (2Z>, P) -orders. Since dim(2X>) = 8 (see Lemma |](3)), #0 < 9. 
We observe that j < q: otherwise g = 0. So if j > 2, then 2j = q + 2, as q is even, and 
the result follows. 



(2) From Lemma 0(1) and flFTHI , Thm. 1.4(h) (iii)], the (V, P)-orders are 0,1, j = j(P) 



and q with 2 < j < q—1. We claim that j < q—1. Otherwise (q— l)P+Dp ~ qP+Fi x (P), 
with P G" Supp(Pp) and so X would be hyperelliptic; then 1 + q 2 + 2qg < 2(1 + q 2 ) and 
hence (g — l)(g — 2)/4 < g < g/2, a contradiction since we have assumed q > 4. Now, the 
following set 

{0,l,2,j,j + l,2j,q,q+l,q + j,2q} 

is contained in the set of (2£>, P)-orders and the result follows as in the proof of item 
(1). ' □ 

Corollary 2. Let X be as in Lemma |i| and suppose that q is even, q > 4. Suppose also 
that q/2 is a Weierstrass non-gap at P G X . Then P G X{¥ q 2). 

Proof. Suppose that P G" X(¥ q 2). Let x G ¥ q 2(X) such that divoo(x) = q/2P. Let 
e : = v Frx{P) (x - x{Ft x (P)). Then div(x - x{¥x x {P)) = eFr x {P) + D - q/2P with 
P,Fr^(P) ^ Supp(P). /From Property (1.1), both e + 1 and 2e + 1 are (£>, Fr^(P))- 
orders. Since Fr^-(P) G" ^(F^) and e > 1, from Corollary |l](2) follows that q = 3, a 
contradiction. □ 

Now, for q > 4 the theorem follows from the proposition below. The case q = 4 is 
considered in §4. 

Proposition 1. Let X be a projective geometrically irreducible nonsingular algebraic 
curve over¥ q 2, q even. The following statements are equivalent: 

1. The curve X is ¥ q 2 -isomorphic to the non-singular model of the plane curve given 
byEq. §}. 

2. The curve X is ¥ q 2-maximal of positive genus, dim(P^) = 3, and there exists Pq G 
^(F^) such that q/2 is a Weierstrass non-gap at Pq. 

3. The curve is ¥ q 2 -maximal and there exists P\ G ^(F^) such that for T> := T> x = 
\(q + l)Pi|, the following holds: 

(i) the (V, Pi)-orders are 0, 1, q/2 + 1, q + 1; 

(ii) the {V, P)-orders are 0, 1, 2, q + 1 if P G X{¥ q 2) \ {Px}; 
(in) the {V, P)-orders are 0, 1, 2, q if P G X \ X(¥ q 2); 

(iv) the ¥ q 2-Frobenius orders ofT> are 0, l,q. 

3. Proof of Proposition |1|. Throughout this section we assume q > 4 since the case 
q = 2 is trivial. 

(1) =^> (2) : The non-singular model of @ is F^-covered by the Hermitian curve, and so 
it is maximal by JCa|, Prop. 6]. The unique point P over x = oo is F g 2-rational and q/2 
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and q + 1 are Weierstrass non-gaps at P . Since the genus of the curve is q(q — 2)/2, it 
follows that dim(|(g + 1)P |) = 3. 



(2) =^> (3) : This implication is a particular case of |[FT2| , p. 38]; for the sake of com- 



pleteness we write the proof. Take Pi = P . Then mi(P ) = q/2, m 2 (Po) = q and 
m 3{Po) =9 + 1, cf. Corollary |l](l)(ii). The case P = Pq follows from Lemma 0(2). Let 
P G X\ {P }. Let x G ¥ q 2(X) such that div oc (x) = m 1 (P )P . Then e P := v P (x - x(P)) 
and 2ep are (V, P)-orders. We claim that e P = 1; otherwise 0,1, ep, and 2ep would 
be (T>, P)-orders and hence, by [|FGT| , Thm. 1.4(H)] and being q even, we would have 



e P = q/2 an d P X(¥ q 2). Therefore q/2P ~ q/2Po and from Property (1.1) (and 
since the genus of X is positive) we would have Fr^-(P) = P , a contradiction. Thus, by 



FGT| , Thm. 1.4(H) (Hi)], the (£>, P)-orders are 0,1,2 and q + 1 (resp. 0,1,2, and q) if 
P G X(F q 2) (resp. P G" ^(F^)). Finally, the assertion on F^-Frobenius orders follows 
from dim(D) = 3 and ]FT2] , §2.2]. 

(3) (1): By Lemma |T](2), mi(Pi) = g/2, m 2 (Pi) = g and m 3 (Pi) = g + 1. Let 
x, y G F g a(<Y) such that 

divoo(2;) = g/2Pi , and div^y) = (g + l)Pi . 

Then X admits a F g 2-plane model of type 

g/2-1 

(3) x« +1 + a^ /2 + ]T A,(xy = 0, 

i=0 

where a G F* 2 and A^x) G F g2 [x] with deg(A;(x)) < q - 2i, i = 0, . . . , g/2 - 1. This 
equation is usually referred to as the Weierstrass canonical form over ¥ g 2 of X, see e.g. 
|K|, Lemma 3] and the references therein. 

Next we use x as a separating variable of ¥ g 2(X) \ ¥ q 2, and denote by D l := D l x the zth 
Hasse derivative with respect to x. Properties of these operators can be found e.g. in |Hc, 
§3]. In particular, we recall the following facts: For z,w G ¥ q 2(X), 

(HI) D\z + w) = D\z) + D i (w), 
(H2) D\zw) = T: j=0 D^(z)DJ(w), 
(H3) 

D i 2 j _ \ (D i/2 z j ) 2 if i is even , 
I otherwise . 

Then, for q' a power of two, (H3) implies: 

(H3') 

'(pWz)* if i = (modg') 



D l z q 



otherwise . 



det 



D*y = 0. 
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Now, the morphism associated to T> is given by (1 : x : x 2 : y). Since the D-orders are 
0, 1, 2 and q, for i — 3, . . . , q — 1, we have (see ||SV| , p. 5]) 

(\ x x 2 V \ 

1 Zty 

1 -D 2 y 

We also have 



det 



or equivalently, 

(4) y + y q2 + {x + x q2 )Dy + (a; 2 + x 2q2 )D 2 y = , 

since the F^-Frobenius orders of T> are 0, 1 and q (see [BV| , Prop. 2.1]). 
Claim 1. Eq. (B|) can be simplified to 












n 








i 


a; 









1 





Dy 







1 


D 2 y) 



(5) 



where ai, . . . , a t , & G F 9 2 with a t G F g 2. 

Let us first show how this claim implies Proposition 0(1). To do so, let a G F 9 2 such that 

Y^a^' 21 = b. 

i=i 

Then, with z := ?/ + a, the curve X is F^-isomorphic to the non-singular model of the 
curve defined by 



. 7 q/T _ x q+l 



Fact 1. The element a t can be assumed to be equal to one. If so, then 

1. a t -i = a{ 2 . 

2. ai = a 2 _± ~ , i = 1, . . . , t — 1. In particular, ai G F* 2 for each i. 

3. a G F q 2. 

Proof. (Fact^) From Eq. (|5|), we have 



a t Dy = x q and a^D y = a t _\X 
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and so a t ^ 0. Hence we can assume a t — 1 via the automorphism (x, y) \— > (a;, a t y). Now 
from Eq. @ we obtain 

y + y g2 + + (x^ 1 )" + ot_i((a; 9+1 ) 2 + (x g+1 ) 2g ) = . 

This relation together with Eq. @ imply 

t-i 



;i + at^W 2 + £ (a? + at^lJyO 2 /* + (1 + a t _ia 2 )y« + 

i=l 

t-1 

^ a, + (a t _ lQ 2 +1 )y g / 2i + 6 + ¥ + a t _x(6 2 + o 2 *) = . 



(i) 


1 + a(_ia 29 = 0, 






(") 


1 + a t -xa\ = 0, 






iii) 


a { + a t _ia 2 i+1 = 0, 


z = 


1,. 


iv) 


a\ + at-ia 2 ^ = 0. 


2 = 


1,- 


(v) 


b + W + a 4 _i(6 2 + 


b 2 1) 


= 



1=1 

Therefore, as vp 1 (y) < 0, the following identities hold 



^From (i) and (iii) follow Items 1 and 2. To see Item 3 we replace bby Y2i=i a i& 9 ^ 21 m ( v )- 
After some computations and using (i)-(iv) we find that a + a q2 = and the proof of 
Fact [I] is complete. □ 

Consequently, the automorphism (x, y) i— > (x, y + a) is indeed defined over ¥ q 2. Finally 
let X\ := x and yi := a^-i^. Then from Fact [l] we obtain 

t 



i=i 

which shows Proposition [TJ(1). 

(Proof of Claim [J.) Suppose that a; and y satisfy a relation of type 
(6) + ay"/ 2 + A2^(x)y l2t+1 ~ 3 + X>y 2 '~' = 



i=0 i=s 

where a e F* 2 , 2 < s < t + 1, and a.; € F g 2 for each z. Recall that g = 2* and notice that 
Eq. (||) provides such a relation for s = t + 1. 

Fact 2. For 2 < s < t + 1, we have 

1- A(2i + i) 2 t+i-« (z) = 0, i > 1. 
2. y4 2 t+i- s (a;) G F g2 . 
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jt+l-s 



Proof. (Fac£[|) By applying D 2 3 to Eq (||) and using properties (H1)-(H3) and (H3') 
above we have that 

2 s-2_ 1 2 S " 2 -1 

(7) a'T+ Ai+ J2 AiW-'WWf* 1 " +A + ^ = 0, 



i=0 i=0 



where 



r := 



A, := 



A 



UDyf- 1 if S = 2 , 
1 otherwise ; 

' D(A i {x))y i ifs = t + l 

^^-^(^-.(i))^ 1 -) otherwise; 



if s = t + 1 

(D 2 y) 2t 8 otherwise ; 



and 
* := 



if s = t + 1 
otherwise . 



Since D 2t+1 ~ s (y i2t+1 ~ s ) = (Dy i ) 2t+1 ~ s , Eq. (§ becomes 

2 s-2_ 1 

(8) aT + A i + F{Dyf +1 ~ a + A + * = 



i=0 

where 

2 s-2_ 1 

i 71 := ^(2i+i)2'+i-(^)y i2t+ 

i=0 

Next we show that vp 1 (F) = (*). This will imply Fact [| since 

u Pl (F) = mm{v Pl (A i2i+1)2 t+i-s(x)y i2t+2 ' s ) : % = 0, . . . ,2 s " 2 - 1} . 

To see (*), we first compute vp 1 (Dy) and vp 1 (D 2 y). For a local parameter £ at Pi, we 
have 

vp 1 (Dy) = vp 1 (dy/dt) — vp 1 (dx/dt) = —q — 2 — vp 1 (dx/dt) . 

To calculate vp^dx/dt), we use the fact that a; : X — > P 1 (F g 2) is totally ramified at Pi, 
and that v P (x - x(P)) = 1 for each P G X\ {Pi} (cf. proof of (2) =>- (3)). We have then 
vp^dx/dt) = 2g — 2 = g 2 /2 — g — 2 and so 

v Pl (Dy) = -q 2 /2. 

Now we compute Vp 1 (D 2 y) from Eq. (Q). In fact, as 

v Pl (y + V q2 ) = ~q 2 (q + l) <v Pl (Dy(x + x q2 )) = -q 2 (q + l)/2, 
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then v Pl {{x 2 + x 2q2 )D 2 y) — v Pl (y + y q2 ) and so 

v Pl (D 2 y) = -q 2 . 

If s — t + 1, then Eq. (||) reads 

D^x^y 1 + FDy + x q = . 

Thus we have 

v Pl (F) + v Pl (Dy) = v Pl (x q ), 

since v Pl (^2 q i ^ ~ 1 D(Ai(x))y l ) > v Pl (x q ) as deg(Ai(x)) < q — 2i for each i. Then (*) follows 
because v Pl (x q ) = —q 2 /2. 

Let 3 < s < t. Then Eq. (§) reads 

2 ^ 1 A J + F( J Dy) 2t+1 - s + ( J D 2 yr S = 0. 

Consequently, as v Pl 

(ELo A i) > 2*^p 1 ( j D 2 ?/), we have that 
v Pl (F) + 2 t+1 - s v Pl (Dy) = 2 t - s v Pl {D 2 y) , 

and the proof follows for s > 3. 
Finally, let s = 2. Then Eq. (H) reads 

a'( W /2 + A + F(Dy) q ' 2 + (D 2 ^ 4 = . 

Then as above we have 

v Pl (F) + qv Pl (Dy)/2 = qv Pl (D 2 y)/A, 
and the proof of Fact is complete. □ 

Applying Fact § for s — t + 1, . . . , 2, we reduce Eq. |3] to 

t 

(9) x q+1 + ay q/2 + A {x) + a iV q/T = > 

i=2 

where A (x) = E?=o^ x * e Moreover, we can assume a t = 1. 

Fact 3. 1. A (x) = b + £Li &^/ 2 \ 
2. 6j = ajfef 2 ,« = !,... ,t 
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Proof. (Fact |]) (1) Via the F^-map x t— > x + b q applied to Eq. (|9|), we can assume 
b q = 0. Let i be a natural number which is not a power of two and satisfies the condition 
3 < i < q. Applying D % to Eq. (|9|) we have (1) as D % y = 0. 

(2) From Item (1) and Eq. ([|) we have the following equation: 

t t 

(10) x q+1 + a iV q/T + Yl bix9/2 ' + & o = 



i=l i=l 



where a\ := a ^ 0. Then, Dy = x q + b t and D 2 y = a t -\X 2q + a t -\b\ + b t -\- Now we 
want to use Eq. (Q); thus we first have to compute y q + y. Eq. (|T0"1) allows us to do the 
following computations 

a 2 */ = a 2 2 q y q2 ' 2 + £ a*//* + * 2 ^) + £ b^x^ + b 2q , 



and 



i=2 i=0 



a q y q2 / 2 = Y a q y q2/21 + x q ^ + ]T b q x q2 ' 21 + b q 

so that 

a\ q y q2 = J2( a 2 aQ + aia 2q +1 )y q2/2 * + a 2q y q + a\x 2q ^ + a 2 2 q x q ^ + a\b 2q x q2 + 

i=2 
t-1 

i=l 

Now, applying D q l 2 \ 1 < z < to Eq. ( |TUD and taking into account that -D^ = for 
3 < t < q, we have 

o i (D ? /)«/ 2i + a w . a (£)V /2<+1 =6*> 

and so, for 1 < i < t, 

(*1) a, = Ot_i* _1 , and 
(*2) 6, = a m 6f; +1 . 

It follows that 

a 2 2 q a q + a\a 2 + x = a 2 2 b q + a^fe 2 ^ = (i — 1, . . . , t — 1) , 

and hence 

af / = a 2 V + a?x 2 ^ +1) + a 2q x q{q+l) + a?& 2 V 2 + a 2q b q x q + a 2( ^ + a?& 29 . 
Now, from Eq. (|10|) together with the following identities coming from (*1) and (*2), 

3g+2 2o 

• ^ = a 2 +1 ai_i, i = l,... , t - 1, 



i=2 i=l 



t-1 
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• b t = &i +1 ot-i, i = 1, • ■ ■ ,*-2, 
we deduce the identity between polynomials in x: 

a? + Vi* 29(9+1) + alal q a t ^ q+l) + a? + V^M + a 2q a t _ x x 2q + 2 + a 2 . 9 ^ 1 + 
a t _i(a2 9 6 2 + alal q b q )x q + al q (a t -ib 2 + b t -i)x 2 + c^b t x + a^at-ifc 2 , + M + a^a^at-xbl + 
a q 1 +2 a t ^ 1 b 2 q = a 2 2 q {x q2 + x){x q + b t ) + a^(x 2 " 2 + x 2 )(a t _ 1 x 2q + a t _ x & 2 + 6 t _x) . 

Then, from the coefficients of x q2 we obtain al +2 b 2q at-i = a^h- Moreover, since a>2 7^ 
and dt-i G F g 2, from (*1) and (*2) we have that bt-i = at-ib 2 . In addition, from (*2) we 
also have that bi = b q J\ &t-\ 1 , i = 1, ■ ■ ■ ,t — l, and Item (2) follows. □ 

To finish the proof of Claim [L], we apply the F g 2-map (x,y) 1— > (x,b t x + y) to Eq. (|T0|). 
We obtain a relation of type 

x q+l + ^y q/21 + & o + J>&f 1 + ^x^ 1 = . 
1=1 1=1 

and Claim [1] follows Fact |(2). 

4. Case q = 4. Here, for g = 4, we prove the theorem without the hypothesis on 
Weierstrass non-gaps. 

Proposition 2. An F \§-maximal curve X of genus g = 2 is W ^-isomorphic to the non- 
singular model ofy 2 + y = x 5 . In particular, it is ¥i 6 -covered by the Hermitian curve over 
Fi 6 . 

Proof. We show that X satisfies the hypothesis in Proposition |l](2). Clearly, dim(P^) = 3 
and mi(P) G {2, 3} for P G X{¥ 16 ). Suppose that mi {P) = 3 for each P G X{¥ 16 ). Then 
by Lemma [3](2), the (V, P)-orders (resp. T>-orders) are 0,1,2 and 5 (resp. 0,1,2 and 4). In 
addition, for Q G" ^(F^), the (V, Q) -orders are either 0,1,2 and 4 or 1,2,3 and 4. Then, 
the following statements hold: 

1. the 2P-orders are 0,1,2,3,4,5,6,7, and 8; 

2. for P G X{¥ w ), the (2£>, P)-orders are 0,1,2,3,4,5,6,7 and 10; 

3. for P G X \ X(W 16 ), the (2V, P)-orders are 0,1,2,3,4,5,6,7, and 8. 

Thus Supp(i?) = X(W q 2) and vp(R) = 2 for each P G X(F q 2), with R being the ramifica- 
tion divisor associated to 2T>. Thus 

36(2(7 - 2) + 40 = deg(P) = 2#*(F 16 ) = 2(4(2(7 - 2) + 25) , 



which implies 28(2g — 2) = 10, a contradiction. 



□ 
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5. An F g 2-maximal curve X, which satisfies the hypothesis of the theorem, is ¥ q 2- 
isomorphic to TC/(t), where 7i is the Hermitian curve and r an involution on 7i. Con- 
versely, let us consider a separable F^-covering of curves 

7T : H -»• X. 

Notice that X is F 9 2-maximal by |Ca|, Prop. 6]. Let g be the genus of X. We have the 
following 

Proposition 3. In the above situation, suppose that g > [ q ~ 3 g+4 J ■ Then deg(7r) = 2 and 
g = |_ ^~^ j . In addition, 

1. X is the non-singular model of y q + y = x^ q+1 '' 2 provided that q odd 

2. X is the non-singular model o/^* =1 y 9 / 21 = x q+l provided that q = 2*. 

Proof. Th claim deg(7r) = 2 follows from the Riemann-Hurwitz formula taking into ac- 
count the hypothesis on g. Then 7r has (totally) ramified points: this follows from the 
Riemann-Hurwitz formula and [ FT1|| . On the other hand, the hypothesis on g allows us 
to use ||CKT1| , Lemma 3.1] and |FGT| , Prop. 1.5] to conclude that 

mi(P) < rri2{P) < q < m 3 (P) for each P G X . 

Let Q G Ti be totally ramified for 7r and set P := tt(Qo)- Then the Weierstrass non-gaps 
at Q less than or equal to 2q are 

either q,2q — l,2q or q, q + l,2q. 

It follows that m 2 (Po) — 1 an d that 2mi(P ) G {q, q + 1} (see e.g. JTj, proof of Lemma 
3.4]). Now if q is odd, mi(P ) = (q + l)/2 so that m 3 (P ) = q + 1; hence P G ^(F^) 
and (1) follows from [|FGT| , Thm. 3.1]. 

If g is even, we claim that Pq can be chosen in ^(F^). To see this, as deg(-7r) = 2, for 
each Q e X(¥ q 2) the product formula gives the following possibilities: 

1. #tt- 1 (Q) = 2 and 7r _1 (Q) C H{¥ q >)- 

2. #vr- 1 (Q) = 1 and tt-^Q) G ^(F ?2 ); 

3. #vr- 1 (g) = 1 and it (Q) G 7i(F g 4). 

Since H(F g4 ) = n{¥ q2 ) we have that (3) is empty if Q G H{F q 4) \ H{F q 2). Since 
2#X{F q 2) > #H(F g2 ), the claim follows. 

Finally we get 2m\ (P) = q and the result follows from Proposition [l]. □ 
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